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THE CUBIC SZEGO EQUATION WITH A LINEAR PERTURBATION 


HAIYAN XU 


Abstract. We consider the following Hamiltonian equation on the L ? Hardy space on the 
circle S', 

idfU— Yl{\u\^u) + a{u\V} ,a , (0.1) 

where H is the Szego projector. The above equation with a - 0 was introduced by Gerard and 
Grellier as an important mathematical model [5, 7, 3]. In this paper, we continue our studies 
started in [22], and prove our system is completely integrable in the Liouville sense. We 
study the motion of the singular values of the related Hankel operators and find a necessary 
condition of norm explosion. As a consequence, we prove that the trajectories of the solutions 
will stay in a compact subset, while more initial data will lead to norm explosion in the case 
a > 0. 


1. Introduction 

The purpose of this paper is to study the following Hamiltonian system, 

idfU = n(|M|^M) + a{u \\), a: 6 t 6 R , Of 6 R . (IT) 

where the operator H is defined as a projeetor onto the non-negative frequeneies, whieh is 
ealled the Szego projeetor. When a = 0, the equation above turns out to be the eubie Szego 
equation, 

id,u = n(|MpM), (1.2) 

whieh was introdueed by P. Gerard and S. Grellier as an important mathematieal model of the 
eompletely integrable systems and non-dispersive dynamies [5, 7], For a ^ 0, by ehanging 
variables as u = ^/\a\u(\a\t), then u satisfies 

idtU = UQul^u) + sgn(Qr)(M|l). (1.3) 

Thus our target equation with a ^ 0 beeomes 

idfU = Ti(\u\^u) + (m|1) . (1.4) 

1.1. Lax Pair structure. Thanks to the Lax pairs for the eubie Szego equation (1.2) [7], we 
are able to find a Lax pair for (LI). To introduee the Lax pair strueture, let us first define 
some useful operators and notation. ForX c £)'(S^), we denote 

X+(S^) := [u{e^) 6 A, = Yj ) • (1-5) 

k>0 
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For example, L\ denotes the Hardy space of I? functions which extend to the unit disc 
D = {z G C, |z| < 1} as holomorphic functions 

u{z) = ^ u(k)z\ ^ \uik)f < oo . (1.6) 

k>0 k>0 

Then the Szegd operator H is an orthogonal projector L^(S^) ^ 

Now, we are to define a Hankel operator and a Toeplitz operator. By a Hankel operator 
we mean a bounded operator F on the sequence space which has a Hankel matrix in the 
standard basis {ej}j>o, 

(Fey, ek ) = Yj + k , j, k>0 , (1.7) 

where {7y}y>o is a sequence of complex numbers. More backgrounds on the Hankel operators 
can be found in [20] . 

Let S be the shift operator on 

Sej = ej+i, j>0 . 

It is easy to show that a bounded operator F on is a Hankel operator if and only if 

5T = F5. (1.8) 

I 

Definition 1.1. For any given u e //+(S^), b G L“(S^), we define two operators //„, Th : 
^ as follows. For any h G L\, 

Hu(h) = U{uh ), (1.9) 

Thih) = U{bh) . (1.10) 

Notice that Flu is C-antilinear and symmetric with respect to the real scalar product 
Re(M|v). In fact, it satisfies 

{Huih,)\h2) = {Hu{h2)\hfi . 

T/, is C-linear and is self-adjoint if and only if b is real-valued. 

Moreover, Hu is a Hankel operator. Indeed, it is given in terms of Fourier coefficients by 

Hfifim = Y^u{k + Dm , 

t>o 

then 

S*Hu(h) = M(k + e)mS*ek = M(k + f + \)mek , 

k,£>0 k,i>0 

HuSh = Yj u{k)ekh{f)et+i — ^ uik + € + \)li{€)(^k j 

k>e,£>0 k,t>0 

which means S *Hu = HuS , thus Hu is a Hankel operator. We may also represent in terms 
of Fourier coefficients, 

f^){k) = Yjb{k-Dm, 

e>o 

then its matrix representation, in the basis e^., k> 0, has constant diagonals. This a Toeplitz 
operator. 
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We now define another operator := T*Hu. In faet is exaetly the shift operator S as 
above, we then eall the shifted Hankel operator, whieh satisfying the following identity 

Kl=Hl-(-\u)u. (1.11) 

Using the operators above, Gerard and Grellier found two Lax pairs for the Szego equation 

( 1 . 2 ). 


Theorem 1.1. [5, Theorem 3.1] Let u e C(R, for some s > 1/2. The cubic Szego 

equation (1.2) has two Lax pairs {Hu, Bu) and (Ku, Cu), namely, ifu solves (1.2), then 


dHu 

dt 


[Bu,Hu] 


dKu 
’ dt 


= VCu,Ku\ 


( 1 . 12 ) 


where 


Bu ■- -j^Hu - iT\u\^ , Cu - -Ku - iTiu\2 . 


For a i^O, the perturbed Szego equation (1.1) is globally well-posed and by simple ealeu- 
lus, we find that (//„, 5„) is no longer a Lax pair, in faet, 

^ = [Bu,Hu]-ia{u\l)H,. (1.13) 

dt 

Fortunately, {Ku, Cu) is still a Lax pair. 

\ I 

Theorem 1.2. [22] Given uq g H^{S^), there exists a unique global solution u G C{R;H^) 
of (1.1) with uq as the initial condition. Moreover, if uq g H\_{E}) for some s > ^, then 
u G C”(R;//;[). Furthermore, the perturbed Szego equation (1.1) has a Lax pair {Ku,Cu), 
namely, ifu solves (1.1), then 

dKu 

-:^ = VCu,Ku]. (1.14) 

dt 

An important eonsequenee of this strueture is that, if m is a solution of (1.1), then Ku(t) is 
unitarily equivalent to Ku^. In partieular, the speetrum of the C-linear positive self-adjoint 
traee elass operator Kl is eonserved by the evolution. 

Denote 

£{N) := [u : rk(i^J = A, A e N+} . (1.15) 

Thanks to the Lax pair strueture, the manifolds X(A) are invariant under the flow of (1.1). 
Moreover, they turn out to be spaees of rational funetions as in the following Kroneeker type 
theorem. 


Theorem 1.3. [22] u g £{N) if and only ifu{z) = ^ is a rational function with 

A,Bg CyvM, a a 5 = 1, deg(A) = N or deg(5) = A, 5~^({0}) n D = 0 , 
where A A 5 = 1 means A and B have no common factors. 


Our main objeetive of the study on this mathematieal model (1.1) is on the large time 
unboundedness of the solution. This general question of existenee of unbounded Sobolev 
trajeetories eomes baek to [1], and was addressed by several authors for various Hamiltonian 
PDFs, see e.g. [2, 6, 12, 13, 14, 11, 15, 16, 17, 19, 21]. We have already eonsidered the ease 
with initial data uq G £{1) and found that 
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Theorem 1.4. [22] Let ube a solution to the a-Szegb equation, 

f idfU = n(|MpM) + a{u \\), a = R , 

\m( 0, jc) = uq{x) 6 X(1) . 

For a < Q, the Sobolev norm of the solution will stay bounded, uniform if uo is in some 
compact subset o/X(l), 

||m(0II//' < C , C does not depend on time t, s >0 . 

For a > 0, the solution u of the a-Szegd equation has an exponential-on-time Sobolev 
norm growth, 

Mt)\\m - , ^ > i , C, > 0 , |f| ^ , (1.17) 

if and only if 

Ea = \Q^ + \Q, (1.18) 

with Ea and Q as the two conserved quantities, energy and mass. 

1.2. Main results. We continue our studies on the cubic Szego equation with a linear per¬ 
turbation (1.1) on the circle with more general initial data uq 6 J1{N) for any 6 N'^. 

Firstly, the system is integrable since there are a large amount of conservation laws which 
comes from the Lax pair structure(1.14). 

Theorem 1.5. Let u(t, x) be a solution o/ (1.1). For every Borel function / on R the follow¬ 
ing quantity 

Lf(u) :=(f{Kl)u\u)-a(f{Kl)l\l) 

is conserved. 

Let cr], be an eigenvalue of K^, and / be the characteristic function of the singleton {cr^}, 
then 

Uu):=\\u'f-a\\v[\f 

is conserved, where v[ are the projections of u and 1 onto ker(Kl - o-j), and |i . || denotes 
the L^-norm on the circle. Generically, on the 2N -l- 1-dimensional complex manifold -CiN), 
we have 2N -l-1 linearly independent and in involution conservation laws, which are o"^ , 1 < 
k < N and im , Q < m < N. Thus, the system (1.1) can be approximated by a sequence of 
systems of finite dimension which are completely integrable in the Liouville sense. 

Secondly, we prove the existence of unbounded trajectories for data in X(A^) for any arbi¬ 
trary N . One way to capture the unbounded trajectories of solutions is via the motion 
of singular values of Hi and Kl. In the case with cr = 0, all the eigenvalues of Hi and Kl 
are constants, but the eigenvalues of Hi are no longer constants for a 0, which makes the 
system more complicated. 

By studying the motion of singular values of //„ and Ku, we gain that the necessary con¬ 
dition and existence of crossing which means the two closest eigenvalues of touch some 
eigenvalue of at some finite time. A remarkable observation is that the Blaschke products 
of Ku never change their orbits as time goes. 

The main result on the large time behaviour of solutions is as below. 

4 


Theorem 1.6. Let uq 6 £,{N)for any N 6 

Ifa<0, the trajectory of the solution u{t) of the a-Szego (1.1) stays in a compact subset 
of £.{N). In other words, the Sobolev norm of the solution u(t) will stay bounded, 

\\u(t)\\H^ < C , C does not depend on time t, s >0 . 

While for a > 0, there exists uq 6 -L{N) which leads to a solution with norm explosion at 
infinity. More precisely, 

\\u(t)\\H-^ ^ eC„( 2 .-l)k| ^ ^ ^ oo , i . 

Remark 1.1. 

1. In the case a = 0, there are two Lax pairs, the conserved quantities are much simpler, 
which are the eigenvalues of Hi and Kl. While in the case a ^ 0, the eigenvalues of Hi are 
no longer conserved, which makes our system more complicated. 

2. For the cubic Szegd equation with a = 0, Gerard and Grellier [4] have proved there exists 
a Gs dense set g of initial data in C“ := FsH\ such that for any vq 6 g, there exist sequences 
of time t„ and t„, such that the corresponding solution v of the cubic Szegd equation 

idfV = n+(|v|^v), v(0) = Vo , (1-19) 


satisfies 


while 


Vr > i VM > 1 , 
2 




oo , n ^ oo , 


( 1 . 20 ) 


v{t„) Vo in C“ , n ^ oo . (1-21) 

Here, by considering the rational data in the case a i^Q,we proved the existence of solutions 
with exponential growth in time rather than lim sup. 

There is another non dispersive example with norm growth by Oana Pocovnicu [2 1 ], who 
studied the cubic Szegd equation on the line R, and found there exist solutions with Sobolev 
norms growing polynomially in time as with s > 1/2. 

3. For the case a > Q, we now have solutions of (1.1) with different growths, uniformly 
bounded, growing in fluctuations with a lim sup super-polynomial in time growth, and expo¬ 
nential in time growth. Indeed, it is easy to show that zu(t, z^) is a solution to the a-Szegd 
equation ifu(t,z) solves the cubic Szegd equation (1.19). Thus, for the cubic Szegd equation 
with a linear perturbation (1.1), there also exist solutions with such an energy cascade as in 
(1.20) and{l.l\). 

4. In this paper, we consider data in Jj{N)for any arbitrary N 6 The data we find which 
lead to a large time norm explosion are very special. An interesting observation is that the 
equations on m/ and v/ look similar to the original a-Szegd equation. 


dt 


V 


-i 


T\u\^ 

-im 


a{u\l) 


V 


which gives us some hope to extend our results to general rational data. 
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1.3. Organization of this chapter. In section 2, we recall the results about the singular 
values of Hu and Ku [9]. In section 3, we introduce the conservation laws and prove the 
integrability. In section 4, we study the motion of the singular values of the Hankel operators 
Hu and Ku, the eigenvalues of Hu move and may touch some eigenvalue of Ku at finite time 
while the eigenvalues of Ku stay fixed with the corresponding Blaschke products stay in the 
same orbits. In section 5, we present a necessary condition of the norm explosion, and as 
a direct consequence, we know that for a < 0, the trajectories of the solutions stay in a 
compact subset. In section 6, we study the norm explosion with cr > 0 for data in £.{N) with 
any N We present some open problems in the last section. 


2. Spectral analysis of the operators Hu and Ku 

In this section, let us introduce some notation which will be used frequently and some 
useful results by Gerard and Grellier in their recent work [9]. We consider u 6 with 

. >i The Hankel operator Hu is compact by the theorem due to Hartman [18]. Let us 
introduce the spectral analysis of operators Hi and Kl. For any r > 0, we set 

Eu{t) := ker(//2 _ ^^I), F„(t) := ker(i^2 _ (2.1) 

IfT > 0, the Eu{t) and F„(t) are finite dimensional with the following properties. 

Proposition 2.1. [9] Let u 6 //+(S^) \ {0} with s > 1/2, and r > 0 such that 

Eu{t)^{Q] or F„(r)^{0}. 

Then one of the following properties holds. 

(1) dim Eu(t) = dimF„(T) + 1, u jL Eu{t), and Eu(t) = Eu{t) n u^. 

(2) dimF„(T) = dim£„(T) + I, u jL Eu(t), and Eu{t) = F„(t) n u^. 

Moreover, if Up and u'^ denote respectively the orthogonal projections of u onto Euip), p 6 
T,h{u), and onto F„(cr), cr e ^^(u) with 


'Lh(u) := {t > 0 : u jL £„(t)}, := {t > 0 : u jL F„(t)} . 


Then 


(1) and'LKi.u) are disjoint, with the same cardinality; 

(2) ifp 6 T,h{u), 

u' 


— ll^pll 


E 

a-e^Kiu) 


(3) f/'cr 6 I,k{u), 


= \u 




p^ - cr^ 


p^ - cH 


( 2 . 2 ) 


(2.3) 


P£Zh(h) 

(4) A non negative number cr belongs to 'Ljciu) if and only if it does not belong to T,h(u) 
and 


Z 

peZniu) 


\\Upf 

P^ - (T^ 


= 1 . 


(2.4) 
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By the spectral theorem for Hi and Kl, which are self-adjoint and compact, we have the 
following orthogonal decomposition 


L, = ®r>oEu{T) = ®r>oFu{T) . 


(2.5) 

( 2 . 6 ) 


Then we can write u as 

u= Yj Up = Yj u'a- 

pei:H(u) o-eI.K{u) 

In fact, we are able to describe these two sets £’„(t) and F„(t) more explicitly. Recall that 
a finite Blaschke product of degree A: is a rational function of the form 


'F(z) = e 




D{z) ’ 


where i/r 6 SMs called the angle of 'P and R is a monic polynomial of degree k with all its 
roots in D, D{z) = z’^P as the normalized denominator of 'P. Here a monic polynomial is 
a univariate polynomial in which the leading coefficient (the nonzero coefficient of highest 
degree) is equal to 1. We denote by Sk the set of all the Blaschke functions of degree k. 

Proposition 2.2. [9] Let r > 0 and u 6 with ^ > 2. 

(1) Assume r 6 'Lii{u) and € := dim£'j,(T) = dimF„(T) -l- 1. Denote by the orthogonal 
projection ofu onto Eu{t). There exists a Blaschke function 'P^ G such that 

TUj — ^jHniuf ), 

and if D denotes the normalized denominator o/'P^- 

/ 


Eu{t) 


Fu(t) = 


D{z) 


HM , / 6 Q_i[z] 

Hu{Ur) , g G Q_2[z] 


and for a = 0, b = 0, 2, 






Diz) 


Hu(Ur) = re 


-iltr 


■^HuiUr)] = re 


yt-a-l 

.t-b-2 


tiuiuf) 


D(Z) 


HuIUt) 


(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 


,Diz) 

where fr denotes the angle o/'P^-. 

(2) Assume r G S^(m) and m := dimFj,(r) = dim£'„(T) -i-1. Denote by u'^ the orthogonal 
projection ofu onto Fu(t). There exists an inner function 'P^ G S^-i such that 

Ku{ul) = T^rK . 

and if D denotes the normalized denominator o/'P^- 

/ 


Fuir) = 

Eu{t) = 


D{z) 
[ zg 
\D{z) 


ul, f e C„,_i[z] 


g G Cm-lVz] 


( 2 . 11 ) 

( 2 . 12 ) 
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and, for a = 0,... ,m - \ , b = 0,... ,m - 2, 


K„ 


Hu 


- 

Diz) \ 

^b+\ 


re 


7‘ 


m-a-\ 


kH{z) \ 

where fr denotes the angle o/'F^. 


= re 




Diz) 

m-b-l 


Mr ’ 


Diz) 


(2.13) 

(2.14) 


We call the elements pj e S//(m) and cr^ 6 '^xin) as the dominant eigenvalues of Hu and 
Ku respectively. Due to the above achievements, they are in a finite or infinite sequence 

Pi > CTi > P2 > Cr2 > ■ • • ^ 0 , 

we denote by ij and m*- as the multiplicities of pj and cTk respectively. In other words, 

dimEuipj) = tj , 
dimF„(cr,t) = mu . 


Therefore, we may define the dominant ranks of the operators as 

rkd(//J:=_^i^,-, 

,/ 

rkd(i^„) :='^mu, 

k 


while the ranks of the operators are 

rk(//„) = tj + Yj^niu - 1), 

j k 

rkiKu) = J]i{j-l) + J]mu. 

7 k 


In this paper, uj and denote the orthogonal projections of u onto Euipj) and Euicru) 
respectively, while Vj and v[ denote the orthogonal projections of 1 onto Euipf) and Euicru). 
The L^-norms of uj and u[ can be represented in terms of pfs and cr/s, which was already 
observed in [8]. 

Lemma 2.1. Let u 6 H^-iE}), 'Lniu) = {p^} andl^Kiu) = {ctu} with 


Pi > CTi > p2 > ■ • • > 0 . 


Then 



Uipj - o-]) Uip] - crl) 

( II _ 

nip]-p]) ’ ' “ m(r]-(Ti) ■ 

m 


Proof. First, we have 


iiI-xHl)-^l\l) = Y] 

t 


1 - X(t] 

1 - xp^ 
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In fact, we can rewrite the left hand side as 

((/-x//,;)-iii) = + 

t ^ e 

From Proposition 2.2, 




combined with = pjUj, we get 


Thus 


mu{u,w 


pr 1 - XCr] ^ y, 


p]\\ujf 


\\ue\? 


"Y p^A^- xp]) 


+ 


>-E 


\\ue\? 

P] 


We get, identifying the residues at .r = 1 /p^. 


nip]-cr]) 

t 

n{p]-p]) 

Uj 


On the other hand, since 


1 - x{{I - xKI) I m) = 


1 


then 


‘ E +ii“ii' - E ""i"') = n ir 


I 1) 

1 - xp] 


xcr. 


we get, identifying the residues at .r = 1 jcrl. 


u'Y = 


n(p? - 

t 

UY^.-cri) 


(2.15) 


(2.16) 


□ 


3. Conservation laws and the ck-Szeg6 hi e rarchy 
We endow L^(S^) with the symplectic form 

oj(u, v) = 4Im(M I v) . 

Then (1.1) can be rewritten as 

drU=XESu), (3.1) 

with Xe^ as the Hamiltonian vector field associated to the Hamiltonian function given by 

I r acIO a 0 

Ea(u) := 4 J l“l ^ • 

s‘ 
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The invariance by translation and by multiplication by complex numbers of modulus 1 gives 
two other formal conservation laws 

/ do 

= \\ U \\]2 , 

momentum: M{u) := {Du\u), D := -ide = zd^ ■ 

Moreover, the Lax pair structure leads to the conservation of the eigenvalues of K^. So it 
is obvious the system is completely integrable for the data in the 3-dimensional complex 
manifold X(l). Then what about the general case, for example in £.{N) with arbitrary N G 
N"^? Fortunately, we are able to find many more conservation laws by its Lax pair structure 
(1.14). We will then show our system is still completely integrable with data in £.{N) in the 
Liouville sense. 


3.1. Conservation laws. Thanks to the Lax pair structure, we are able to find an infinite 
sequence of conservation laws. 

Theorem 3.1. For every Borel function f on R, the following quantity 

Lf{u):=[f{Kl)u\u)-a[f{Kl)\\l) 


is a conservation law. 

Proof. From the Lax pair identity 


dK, 

dt 


- [C„, Ku\ , C„ - -iT\^^\2 + -K[ 


we infer 

jKl = , 

and consequently, for every Borel function / on R, 


j^mi) = [-if, ^2, ml)]. 


On the other hand, the equation reads 


Therefore we obtain 
j^[f{Kl)u\u) 


—u = -iT\,\2U - ia{u\\) . 

[[-m2j{Ki)]u\u) - i[f{Ki)Tmu) + i[u\mi)f,^2u) 
-ia{u\\)(ml){l)\u) + ia{l\u)(ml){u)\l) 
-ia[{ml){l)\{l\u)u) - {{l\u)u\ml){\))\ ■ 


{\\u)u = Hl{,\) - Kl{\) = r|„p(l) - Kid) . 
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Now observe that 



We obtain 




3.2. The Qf-Szego hierarchy. By the theorem above, for any n 6 N, 

L„{u)-={Kl\u)\u)-a{K^:{l)\\) 

is eonserved. Then the manifold J1{N) is of IN +1- eomplex dimension and admits IN + 1 
eonservation laws, whieh are 


(Tk, k = 1, • ■ • ,N and L„{u), n = 0,1, ■ • ■ ,N. 

We are to show that all these eonservation laws are in involve. Sinee the cr^’s are eonstants, 
it is suffieient to show that all these L„ satisfy the Poisson eommutation relations 

{L„,L„d = 0. (3.2) 


Let us begin with the following lemma whieh helps us better understand the eonserved 
quantities. 

Lemma 3.1. Let u e 'Lniu) = {pj} andl^Kiu) = {(Tt) with 


Pi > (Ti > p2 > ■ ■ ■ > 0 . 


Denote 


Jx(u) 

Zx(u) 

Fxiu) 

Ex{u) 


((1 - xKlr\u) I u ), 

((l-xi^„v(l)ll). 


Then 


Fx(u) = 


Uu) - 1 

xJx(u) 


Exiu) = Jx(u) 

Proof. Reeall (1.11), for any f e we have 


\Zx{u)\'^ 

Jx(u) 


Klf = Hlf-{f\u)u 


(3.3) 

(3.4) 


w(/) = (1 - xHlrff) - (1 - xKlrff ), 
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Denote 


(3.5) 





then 


W(/) = x(f I (1 - xKlr\u))(l - xHlr\u) 

= x(f I (1 - xHl)-\u)yi - xKl)-\u) . 

We may observe the two vectors (1 - xHly^(u) and (1 - xKl)~^{u) are co-linear, 

(1 - xKl)-\u) = A(1 - xHl)-\u\ A 6 R . 

Let us choose f = u, then 

(w(u) I m) = (1 - A)((l - xHl)-\u) I u) = Ax{u \ (1 - xHl)-\u)y . 
We are to calculate the factor A. Since 

x(u I (1 - xHl)-\u)) = x[\ I (1 - xHlr^HliD) 

= ^ \l) = J] x”(Hl\l) I l) - 1 = 7, - 1 , 

n>0 

thus (3.7) yields 


n>0 


which means 


So (3.6) turns out to be 


1-A = (7,-1)A, 


A = — 
Jr 


(I - xKl)-\u) = y(\ - xHl)-\u), 

j X 


then combined with the definition of w(/), we have 

(1 - xHir\f) - (1 - xKir\f) = ^(/ 1 (1 - xhI)-\u)Y\ - xHir\u) . 


Using the equality (3.8), 


F, = ((1 - xKlr\u) I u) = ^((1 - xHlr\u) I u) 




Jr-\ 


j{xy^ ^^ xj. 

Now, we turn to prove (3.4). Use again (3.5) with / = 1, 


(3.6) 

(3.7) 


(3.8) 

(3.9) 


(w(l)|l) = ({\-xHlr\\)-{l-xKlr\\)\l) = J,-E, 

= v(l|l - .r//„Y'(l))((l - xKlr\\)\\) = v^((l - xKlr\u )\\), 

plugging (3.6), 

((1 - xKlr\u)\\) = y((l - xHl)-\u)\\) = ^ , 

J X J X 

then 

y-E, = xZ,-^=x'-^, (3.10) 

•J X 'J X 

□ 


which leads to (3.4). 
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Now, we are ready to show the following caneellation for the Poisson brackets of the 
conservation laws. 

Theorem 3.2. For any .r 6 R, we set 

LM = ((1 - xKlr\u) I u) - a((l - xKlr\l) \ 1), 

Then Lx{u{t)) is conserved, and for every x,y, 

{L„Ly} = 0. (3.11) 

Proof. Using the previous Lemma, we may rewrite 

L, = -(l-l)-a£,, (3.12) 

with 

JAu) := (d - xHlrfl) I 1) = 1 + x((l - xHlrfu) \ u ), 

EM ■= ((1 - xKlr\l) I 1) = Uu) - , 

'f X\^) 

ZM-={l\{l-xHlr\u)). 

Recall that the identity 

{4, Jy] = 0 (3.13) 

which was obtained in [5, section 8]. We then have 

{L„ Ly) = IZvl'} - |Zd'}) + Ey) . (3.14) 

^xJlJy ■ yJp^ > 

Let us first prove that [E^, Ey] = 0. Notice that 

EM = Jx{S*u), (3.15) 

therefore 

dEM ■ h = dJAS*u) • {S*h) = a){S*h,XjXS*u)) = cjj(h,SXjfS*u)) . 

We conclude 

XeM = SXjMU) , 

thus 

{E^, Ey}iu) = dEyiu) ■ XeM = dJy{S*u) ■S*SXjXS*u) 

= dJy{S*u) • XjXS*u) = {J„ Jy]{S*u) = 0 . 

We now show that the coefficient of cr in (3.14) vanishes identically. It is enough to work 
on the generic states of so we can use the coordinates 

for which we recall that 

V+l pi N ^2 

m ^ d(-E) A d(pj + ^ d{-^) A ddk . 
j=i k=i 

PjUj = MHuiUj) , 
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Moreover, we have 





therefore, 


N+\ II ||2 
\Ui" 


z,(u) = y —^ , 




Since 

we know that 

and we infer 

{/., Zyj 

Consequently, 

We conclude that 


, nha-^crt) 

* nS'(i-v]) 


,2\ ’ 


{Jxi — 


l;=l V- -r-;/ 

2xJr 


l-xp) 


N+\ 


lixJx y — 

^Zj n.n - 


lixJx 

=- {xZx - yZy). 


^Py(l - jcpp(l-ypp 2c-y 

{Jx, |Z,p} = 2Re(Z,{7„ Z,}) = -l^Im(ZZJ . 

X - y 


{Jx, iZ/} - jZxi- 

yjy JX 

This completes the proof. 


Axy 


XPjy 


(x - y)JxJ, 


■(Im(Z,Z,) + Im(Z,Z,)) = 0. 


(3.16) 

(3.17) 

(3.18) 
□ 


The last part of this section is devoted to proving that functions (L„(u))o<n<N are generically 
independent on £.{N). Actually, it is sufficient to discuss the case \a\ « 1. For a small 
enough, we may consider the term a{Kl’'{\)\l) as a perturbation, then we only need to study 
the independence of Fn := {Kl'^{u)\u). Using the formula (3.12), for any 0 < n < N, 

Pn Jn+l ^ P^Jj 5 

k+j=n 
j>l,k>0 

with J„ = Assume there exists a sequence such that 

^ j ^nF'n 0 , 

H>0 

we are to prove that = 0. Indeed, 

^ j ^nJn-Fl ^ j ^ j ^riF'k.Jj ~ ^ ^ ^ 0 , 

tt>0 H>0 k'\-j=n n 0<k<N~{n+l) 

j>^,k>0 

since all the 7„+i are independent in the complement of a closed subset of measure 0 of .LiN) 
[5], then for every n, 

Cfi ^ Cfi+k+\Pk — 0 • 

0<k<N-(n+\) 


Thus Cat = Ca?-1 = ■ • • = Co = 0. 
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Finally, we now have IN + 1 linearly independent and in involution conservation laws 
on a dense open subset of 2N + 1 dimensional complex manifold -C{N), thus our system is 
completely integrable in the Liouville sense. 

4. Multiplicity and Blaschke product 

Recall the notation in section 2, there are two kinds of eigenvalues of some are the 
dominant eigenvalues of Ku, which are denoted as crt e while the others are the dom¬ 

inant eigenvalues of //„ with multiplicities larger than 1. Let us denote u(t) as the solution of 
the cr-Szego equation with a 0. Fortunately, we are able to show that for almost all t 6 R., 
the Hankel operator //„(,) has single dominant eigenvalues with multiplicities equal to 1. In 
other words, for almost every time t 6 R, 

rkdKuit) = rkKuit) = rki^„o • 

We call the phenomenon that //„(?„) has some eigenvalue cr with multiplicity m > 2 as cross¬ 
ing at cr at to- 

4.1. The motion of singular values. Let us first introduce the following Kato-type lemma. 

Lemma 4.1 (Kato). Let P{t) be a projector on a Hilbert space Li which is smooth in tel, 
then there exists a smooth unitary operator U{t), such that 

Pit) = Uit)PiQ)U*it ), 

and 

^U(t) = Q(t)U(t), U(0) = ld, (4.1) 

dt 

withQit) = [P'(t),P(t)l 

Proof. By simple calculus, we can prove Q* = -Q. Since Pit) is smooth in time, then by the 
Cauchy theorem for linear ordinary equations, Uit) is well defined. The unitary property of 
Uit) for every t is a consequence of the anti self-adjointness of Q. 

—iUityUit)) = —U*U+ U* — U = U*Q*U + U*QU = 0 , 
dt dt dt 

thus Uit)* Uit) = Id. On the other hand, 

^iUitjUit)*) = ^UU* + U^U* = QUU* - UU*Q . 
dt dt dt 

It is obvious that Id is a solution to the linear equation j^A = QA -AQ with A(0) = Id, using 
the uniqueness of solutions, we have Uit)U*it) = Id. We now prove that U*it)Pit)Uit) does 
not depend on t. 

^iU*it)Pit)Uit)) = ^U*it)Pit)Uit) + U*it)^Pit)Uit) + U*it)Pit)^Uit) 
dt dt dt dt 

= U*Q*PU + U*P'U + U*PQU 
= U*iP' + [P, Q\)U 
= U*iP' -PP' -P'P)U = 0 

where we have used P^ = P. This completes the proof. □ 
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If M() 6 with 5 > 1, then the solution u{t) of the a-Szego equation (1.1) is real analytie 
in t valued in HI. By the Lax pair for Ku, we know that the singular values of Ku are fixed, 
with eonstant multiplieities. 

Proposition 4.1. Given any initial data Uq 6 with ^ > 1, let u be the corresponding 
solution to the a-Szegd equation. Let cr > 0 be a singular eigenvalue of with multiplicity 
m, and write 

(T+ > cr > (T_ 

where cr+, cr_ are the closest singular values of Ku, possibly, cr+ = +oo or cr_ = 0. Then one 
of the following two possibilities occurs. 

{1) cr is a singular value of Hu(t) with multiplicity m + 1 for every time t, and u is a 
solution of the cubic Szegd equation (1.2). 

(2) There exists a discrete subset T^ of times outside of which the singular values of Hu(t) 
in the interval (a'_,o'+) are pi, p 2 of multiplicity 1, and cr of multiplicity m - I if 
m >2, with 

pi>o->p 2 , 

and pi, p 2 are analytic on every interval contained into the complement ofT^. 

Proof. Let us assume that o" is a singular value of multiplieity m + 1 of //»((„) for some time 
to- Then we may seleet d > 0 and e > 0 sueh that 

a'+>o' + e>cr>cr-6>o'- 

sueh that, for every t e \tQ-5,tQ + 5],cr^ -e and cr^ + 6 are not eigenvalues of H’^uuy Then we 
know that has either as an eigenvalue of multiplieity m+1, or admits in cr^ + e) 

two eigenvalues of multiplicity 1, pi, p 2 on both sides of cr. Set 

P{t):={2in)-^ J (zId-//„\))-i*. (4.2) 

C(o-2,e) 

We know that P(t) is an orthogonal projector, depending analytically of t 6 (to - d, to + 
and that /’(to) is just the projector onto 

E(to) :=ker(H^u(t,)-^"id). 

Consider the selfadjoint operator 

A(t) := H^uiom 

acting on the (m + l)-dimensional space E(t) = RanP(t). Then its characteristic polynomial 
is 

PiA, t) = ((T^ - Ar-\A^ + a(t)A + b(t )), 
where a, b are real analytic, real valued functions, such that 

a^-Ab>Q. 

Notice that the condition a{tf - Ab{t) = 0 is precisely equivalent to the fact that has cr^ 
as an eigenvalue of multiplicity m + 1. Since this function is analytic, it is either identically 
0, or different from 0 for 0 < |t - tol < 6 and d > 0 small enough. Moreover, by the following 
perturbation analysis, the first condition only occurs if 

(1W0) = 0 

16 


for every t e (to - 6, to + S). Sinee (1 |m) is a real analytie funetion of t, this would imply that 
it is identieally 0, whenee w is a solution of the eubie Szego equation. We now eome baek 
to the perturbation analysis, let U(t) be a unitary operator given as in the Kato-type lemma 
above, denote 

B(t) = U*(t)A(t)U(t) , 

then 

B(to) = C7^ldP(to) . 

Let us ealeulate the derivative of B, we find 

jB(t) = j^{u*(t)Hl^U(t)U*(t)P(t)U(t)) = j^{u*(t)Hl^^U(t)P(to)) . 

Sinee j-^U(t) = Q(t)U(t) with Q(t) = [P’(t),P(t)], then 

jao = + [«»). e«)j)yf(!o). 

using (1.13), 

= [B,,Hl] - ia(u\l)H,H, + ia(mHuH, . 

For any fii, ^2 6 E(to), 

([B,,Hl]h,,h2) + ([Hi Q\hM = 0 , 

then 

(^B(to)hi,h 2 ) = -ia[(u(to)\l)(hi\u(to))(l\h 2 ) - (l\u(to))(u(to)\h 2 )(hi\l)] . 

at 

Denote by v, w as the projeetions onto E(to) of 1 and u respeetively. If (u(to)\l) + 0, then the 
eorresponding matrix under the base (v, w) turns out to be 

-m(M|l)(v|w) m(l|M)||w|p\ 

-zq'(m|1)||v||^ ZQ'(l|M)(w|v)j 

whiehhas a negative determinant if (M(to)|l) 0. For the ease (u(to)\l) = 0 with ^(M|l)(to) ^ 

0 for some n 6 N, we only need to eonsider jl^(B(t))(to), 

(^(u\l)Yto)(hi\u(to))(l\h2) - (^(l\u)Yto)(u(to)\h2)(hi\l) , 

with any hi, /z 2 6 E(to). It is similar as the ease n = 0. This eompletes the proof. □ 

Sinee u(t) satisfying (l\u(t)) = 0 would be a solution of the eubie Szego equation, whieh 
is well studied by Gerard and Grellier [5, 7, 6, 10]. We assume (1 |m) is not identieally zero 
in the rest of this artiele. From the diseussion above, we have 

Corollary 4.1. The dominant eigenvalues ofU^^t) are of multiplicity 1 for almost all t eM. 
Reeall the notation in seetion 2, by rewriting the eonservation laws in Theorem 3.1 as 

L„ := (kI(u) I u) - a(Kl(\) I l) = (linin' " ’ (4-3) 


-^^^B(to)huh2 \ = -ia 
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we get the following conserved quantities 

€u:=\\uf-a\\Vf. (4 

Lemma 4.2. Let a > 0. If there exists a crossing at CTk at time t = t^, then 4 < 0. 

Proof. Since there is a crossing at then cr^ 6 2//(M(to)) with multiplicity m > 2. Then 


FuiCTk) = Eu{(Tk) n M = >y—Hu{Uk) : g 6 Cm-iVz ]I . 

Hence, u'j^ = Q while v[ + 0, since 

. IIm.II 

= WU I Ml = - ^ ^ 

Thus 4 = IIm^IP - < 0 for O' > 0. □ 

Here, we present an example to show the existence of crossing. 

Example 4.1 (Existence of crossing). Let Uo(z) = with p 0 and \p\ < 1, and u be the 
corresponding solution to the equation 

idtU = I\{\uf'u) + (m|1) . (4.6) 

It is obvious that uq 6 X(l) and 1 e 'Lh(uq) with multiplicity 2, and 

Lfu) = [Kliu) I u) - [KliD I l) = -(1 - Iph < 0 . 

Let us represent the Hamiltonian function E = |||M|i ^4 + ^|(m|1)|^ under the coordinates 

PuP2,cr,(pi,(p2,e, 

E = +P2 

1 p\{p\ - o-^f + p\{(j^ - plf + 2 pip 2 (pj - o-^)(cr^ - p\) cos(yi - ip 2 ) 

^2 (p]-pI)^ 


- ^ + \\P\^ • 


Notice that cr = 1 andp\+ p\- cr^ = \\u \\^^2 - ^hen p\+ p\ = 2. Set I = ip = cpi- ip 2 , 

then pj = 1 + 7 and p\ = \ - I, thus we can rewrite E as 

E = i(l + 2f) + ^(1 + Vi -/2 cos{(p)) . 


= V-4/^ + (8|pP - 5)/2 + 4|p|2(l - IpP) 

= ±sj{a-P){b + P), 


18 



with a, b satisfy 


' a > 0,b > 0 , 
ab = |pp(l - \p\^), 


a-b = 2\p\^-5/4. 

Recall the definition of Jacobi elliptic functions. The incomplete elliptic integral of the 
first kind F is defined as 

V 

de 


F(cp,k) = J 


V1 - sin^ 0 


then the Jacobi elliptic function sn and cn are defined as follows, 

sn(F((p, k), k) = sin ^ , 


cn(F((p, k), k) = cos tp . 
Then we may solve the above equation, 



Therefore, there exists a discrete set of time 0 6 T^, such that I(t) = 0 for every t e Tc. In 
other words, crossing happens atte T^.. 


4.2. Blaschke product. We aim to show that the Blasehke produets ¥(0 of K^^t) do not 
ehange their S^-orbits as times grows even before or after erossings. 


Proposition 4.2. For any open interval Q contained into the complement of T^, for any 
(Tk 6 with t e Q, 

Ku(t) u'kit) = o-k^k(t)u'fit) . (4.7) 

Then there exists a function fikiO : ^ S\ such that 

, teQ. (4.8) 


Proof Differentiating the above equation (4.7) and using the Lax pair strueture (1.14), one 
obtains 

, ldu',\ . , du', 

[C„, Ku\{u',) + -^ = (Tk^ku'k + ■ (4-9) 

Reeall = Pkiu), where Pk as (4.2) by replaeing Hu with Ku, then 


^Pk{t) = {Cu,Pk\ . 
dt 

Rewriting Ii{\u\^u) = r|„| 2 (M) = {iCu + \kI)u, then the cr-Szego equation (1.1) turns out to be 

du i T 

— = (C„ - “ Mull), 

then 


du', , d 


du^ 




{Cu,Pk\u + PkCuU - -K^Pkiu) - ia(u\l)Pk(l) 
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thus 


(4.10) 


du'^_ 

dt 



Then (4.9) and (4.10) obtained above lead to 



We elaim that 




therefore 




where 


t 



0 


It remains to prove the claim (one can also refer to [9, Theorem 8] for the proof). We first 
prove that, for any;^fp(z) = with \p\ < 1, 


[Tiu\2,Xp]f = 0 

for any / 6 Fu{(Tk) such that;t'p/ 6 Fu(crjd. For any function g, 

[U,xp]g = (1 - |ph//i/(i-p,)(fi), 


where (Id - n)g = Sh. Consequently, the range of [11,;^^] is one dimensional, directed by 
In particular, [Ti^i 2 ,Xp]f is proportional to Since 


([F|„p,^p]/|l) = (r|„p;^rp/-Tp7’|„p/|l) 


= 0r;,/|//„'(i))-(T/,|i)(^„Vli) 

= (//2Cr;,/)|i) - (T;,|1)(//„V|1) 

= (Tp/-(TpI1)/|m)(m|1) , 


We used (3.6) to gain the last equality. Since;t'p/ - (Xp\^)f ^ Fu{crk) is orthogonal to 1, by 
Proposition 2.2, Xpf - (Xp\W 6 ^»(o-yt), hence - (Xp\W 6 Fu(o-k) is orthogonal to u. 


This proves that [^|„p,;^fp]/ = 0. 


□ 


Therefore, we have 

Corollary 4.2. 


rki^„(,) = rkdi^„(f) = rki^„Q, a.e. t < oo. 


We know that 'Fk(t) is defined for every t in an open subset of R consisting of the 
complement of a discrete closed subset, corresponding to crossings at cr^. Furthermore, 
by Proposition 4.2, on each connected component of Q., the zeroes of are constant. 
Together with the following property, 'i'kit) never changes it orbit even after the crossings. 

Proposition 4.3. For every time t such that ^^^(O is defined, the zeroes offit) are the same. 

Proof. The proposition is a consequence of the following lemma. □ 
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Lemma 4.3. There exists an analytic function 'F* defined in a neighborhood Q! of Qb and 
valued into rational functions, and, for every t e QO Q', there exists j3(t) e T such that 

Proof. Since cr\ is an eigenvalue of eonstant multiplieity m of the orthogonal projeetor 
Pk{t) onto Fuitfo'k) is an analytie funetion of t 6 R. Consequently, the veetor 

v',{t) := Pu{tm 


depends analytically on t. Furthermore, v'ff) is not 0 if t ^ Q. Indeed, from the deseription of 
F„(t) provided by Proposition 2.2 when r is a singular value associated to the pair (//„, F„), 
we observe that, if r is // dominant, the space F„(t) is not orthogonal to 1. Consequently, 
we can define, for t in a neighborhood O! of TF, 

akVjft, z) 

as an analytie funetion of t valued into rational funetions of z. On the other hand, if t 6 O, 
Proposition 2.2 shows that 

Fuitftz"k) M(t) — — Fu{t)iS^k) fl 1 5 


therefore v'jft) is collinear to u'^{t). 


v'kit) = (1|mI(0) 


u[(t) 

\K(tW ■ 


Since, from the definition of 


Ku(t){u[{t)) = o'k'Fkity^it) , 

we infer that there exists an analytie on O n Q! valued into T sueh that 

KuMt)) = . 

This eompletes the proof. □ 


5. Necessary condition of norm explosion 


In this section, let uit) be the solution of cr-Szego equation (1.1) with initial data mq 6 
N 6 N’^, u°° = limM(t„) for the weak * topology of foj- some sequenee going 
to infinity. To study the large time behavior of solutions, it is equivalent to study the rank of 
the shifted Hankel operator 

Lemma 5.1. The solution u{t) to the a-Szegd equation will stay in a compact subset ofX,(N) 
if and only if for all the adherent values u°° ofu(t) at infinity, 

(5.1) 

c for every s in Theorem 1.3, 


A^, 5-^10}) n D = 0. 


rkF„» = rkF„(, . 

Proof By the explieit formula of funetions in £,{N) 
rkM(t) = if and only if 

with A, B e Cn[z],A A B = 1, deg(A) = A^^ or deg(B) = 





Then a sequence of {Un)n is in a relatively compact subset of X(A^) unless one of the poles 
of Un approaches the unit disk D, then the corresponding limit u{z) will be in some JXN') 
with N' < N. □ 


We first present a necessary condition of the norm explosion for any or 6 R \ {0}. 

Theorem 5.1. IfrkKu«> < rkKuo, then there exists some k such that 4(mo) = 0. 

Corollary 5.1. If a < 0, for any N 6 given initial data uq 6 -C{N), then the solution to 
the a-Szegd equation stays in a compact subset of JLfN). 

Proof of Corollary 5.1 . Since cr < 0, then 4 := - Q'l|v[|p > 0, due to Theorem 5.1, 

rki^„~ = xkKu^. □ 


Proof of Theorem 5.1. Assume rk^„oc < rk^„Q, then there exists some k such that dim F„<x.(cri;) < 
dim FugicTk) = m. We are to prove = 0 and ||v[“||^ = 0. 

• iiwrii" = 0- 

There exists a time dependent Blaschke product'T^- of degree m - 1 such that 

= C^lu'uitn) , Ku(t^){u[{tn)) = O'kitn)u[{tn) , (5.2) 

By Proposition 4.3, any limit point of 'Tjt(t) as t goes to oo is of degree m - 1 as 
well. Since u[{t„) is bounded in L\, up to a subsequence it converges weakly to some 
u'f" 6 L^. Passing to the limit in the identities (5.2), we get 

kUu^) = crlu^ , KuAuT) = (Tk^kU^ , (5.3) 


where 'P“ is a Blaschke product of degree m - 1. The latter identities (5.3) show that 
u'f° and belong to Fu’^io'k), hence, if u'f° is not zero, the dimension of F 1 , 00 ( 0 -k) 

is at least m. Indeed, if we write 'TJ® = e“"^-^, then 


Fu^-io-k) = 


/ 


Diz) 


UT^ f 6 


-'m-1 


k] 


(5.4) 




Recall the structure of F^io-k) with ak e T^ifu) in Proposition 2.2, the orthogonal 
projection of 1 onto the space Fuicrk), v[ can be represented as 


(1 


4 \ ^k 
i'kWhWkW • 


If v'f° 0, since ||v^|| = |(I | , thus ^ v in with v 0. Using the strategy 


in the first step above by replacing by jj^, we have dimFuoo(crk) = m. 


□ 


6. Large time behavior of the solution for the case or > 0 

In this section, we prove for any N, there exist solutions in £.iN) which admit an expo¬ 
nential on time norm explosion. 
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Theorem 6.1. For a > Q, Uq & such that 'Lk{uq) = {cr} with multiplicity k = rkK^g. Then 
\\ti{i)\\m grows exponentially on time, 

\\u(t)\\Hs - , 


if and only if 

Lfu) := (Kl(u)\u) - a{Kl(m) = 0 . (6.1) 


Let uo as in the theorem above. If uq is not a Blaschke product, we have 

2 //( mo ) = {puPi), Pi > cr> p 2 . 

Using the results by Gerard and Grellier [9], we have the explicit formula for the solution u 


as 


u(t, z) = 


All - A 21 


e + 


A 22 - A 12 


-m 


det(C(z)) det(C(z)) 

with Ajk as the minor determinant of C(z) corresponding to line k and column j, and 

f pi-crz'i'e-‘n p 2 -a-z'¥e-‘f 2 \ 

C(z) = 


( 6 . 2 ) 


p2-o-2 


p2-o-2 


Pi 


Pi ' 


Then 


u{t, z) = 


^P2 P2“'^2 2 V nl-rrl 


pi-o-z'Fe _ L')Q-m 

p^-o-^ Pi 2 


1 . pi-o-z'Fe-'i"! S _ 1 . p2-o-zTe--y2 

P2^ Pi -0-2 2 pi V p2-o-2 2 


An interesting fact is that u is under the form 


u(t, z) = b(t) + 


c'{t)z'^{t,z) 


1 - p'{f)z'^{t,z) 

where b ,p', c' 6 C. Since '¥(t, z) = with;^^ as a time independent Blaschke product, 

we then rewrite 

u(t, z) = b(t) + - - . (6.3) 

1 - P{t)zxiz) 


Lemma 6.1. Let x be a time-independent Blaschke product. A function u 6 C°°(K,Hf) with 
s > ^is a solution of the a-Szegd equation, 

id,u = Ti{\u\^u) + a{u\\) , 


if and only if 


u{t,z) := u(t,zx{z)) 


satisfies the a-Szegd equation. 

Proof. First of all, zxiz) 6 C“(S^), then {zx{z)T 6 C”(S^) for any n, so that u e implies 
Tl e Hf Assume m is a solution of the a-Szego equation, it is equivalent to 

idtu(t,n) = ^ u(t, p)u{t,q)u(t,r)au(t,0)6„Q , ^n > 0 . (6.4) 

p-q+r=n 


Since _ 

^iHzx(z))fuizxiz))) = ^ u{p)u{q)uir)(zx(z)y~‘‘*’' , 

p-q+r >0 

we obtain thatif satisfies the or-Szego equation. 

23 















Conversely, assume u satisfies the cr-Szego equation, then we have 

idtU(n)(zx(z)T = ^ u(p)u(q)u(r)(zx(z)y~‘‘"'' + m(0) . (6.5) 

p-q+r>0 

Identifying the Fourier coefficients of 0 mode of both sides, we get equation (6.4) with n = 0. 
Then withdraw this quantity from both sides of (6.5) and simplify by zxiz). Continuing this 
process, we get all the equations (6.4) for every n. □ 

Lemma 6.2. Let 'i' be a Blaschke product of finite degree d and s 6 [0, 1). There exists 
> 0 such that, for every p 6 D, 


1 


1 -pffi 


> 


C 




//■'(SI) (1 - \p\y^2 


Proof It is a classical fact that, for every u 6 for every s 6 [0,1), 


2 

//■'(S‘) 


J lu'(zf(l-lzl^y-"^dL(z), 

D 


where L denotes the bi-dimensional Lebesgue measure. 
Let p 6 D close to the unit circle and 



Since is a Blaschke product of finite degree d, the equation 

mffi(z) = 1 

admits d solutions on the circle. Moreover, these solutions are simple. Indeed, writing 

d 


'P(z) = e-'^f[ 

;=i 


Z-Pj 

l-PjZ 


\pj\ < 1, 


we have, for every z e S\ 


^'(z) _ 1 y 1 - \Pj\^ 

ffi(z) z^ \z- p/ 

Let a be such a solution. For every z such that 

Iz-al < (1 - IpI), 


^0. 


we have, if 1 - |p| is small enough, 

|1 -p'F(z)| = |1 - pffi(Qr) - pffi'(Q')(z - Of) + 0(|z - a\^)\ < C(1 - IpI). 
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Therefore 


1 


1 


> A, 




f 


^'(z) 


Dn||z-a|<(l-|p|)| 
\-4 


(1 - p^(z)y 


> - \p\y 


f 


(i-jzi^y-^^dL(z) 


(i-iziy-^^dL(z) 


Dn||z-a|<(l-|p|)| 


> 




(1 - |p|)2-l 


□ 


Let us turn back to prove the theorem. 


Proof of Theorem 6.1. Recall that 

Lfu) = (Kl(u)\u)-a{Kl(l)\l) 

Since ^(z) is an inner function, we have 

(u\v) = (m|v) , V m,v , 

thus 

(wll) = (m|1) ,||m1Iz. 2 = ||M|iL2 , 

and since _ 

m2 = (uf , 

then 

\\u\y = \\u\y. 

As a consequence, Li(m) = Li(m) = 0. 

The solution 71 is under the form (6.3), 


u(t, z) = b{t) + 


7 <2 c 

b -1- 


1 


thus 


c(t)zx(z) 

1 - PiOzxiz) ' P pi- pzxiz) 
. 1 


\U\\hi - 


>C, 


1 - pzxiz) 

\c\ 




where we used Lemma 6.2. Using the result in [22, Theorem 3.1] and its proof, we have 

Therefore, 77 admit an exponential on time growth of the Sobolev norm with The 

proof is complete. □ 
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7. Perspectives 


The main purpose of this work is to study the dynamics of the general solutions of the 
cr-Szego equation (1.1). We have already observed the weak turbulenee by considering 
some speeial rational data. We proved the existence of data with exponential in time growth, 
a natural question is about the generieity of data with such a high growth. Besides, an 
important open problem is to gain new informations on the solutions with infinite rank. 

Another interesting question is about the cubic Szegd equation with other perturbations, 
for example, eonsider a Hamiltonian funetion 

E{u) = \\\u\\%+^-F{\{u\\f), 

with a non linear function F. In this case, we still have one Lax pair (^„, C„) while the 
eonservation laws we found no longer exist. The question is to study the integrability and 
also the existenee of turbulent solutions of this new Hamiltonian system. 
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